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Abstract
For every pair of vertices u, v in a graph, a u-v geodesic is a shortest path from u to v. For a graph G, let IG [u, v] denote the
set of all vertices lying on a u-v geodesic, and for S ⊆ V (G), let IG [S] denote the union of all IG [u, v] for all u, v ∈ S. A set
S ⊆ V (G) is a geodetic set if IG [S] = V (G). The geodetic number g(G) of a graph G is the minimum cardinality of a geodetic
set in G. A subset F ⊆ V (G) is called a forcing subset of G if there exists a unique minimum geodetic set containing F . A forcing
subset F is critical if every proper subset of F is not a forcing subset. The cardinality of a minimum critical forcing subset in
G is called the forcing geodetic number f (G) of G and the cardinality of a maximum critical forcing subset in G is called the
upper forcing geodetic number f +(G) of G. If G is a graph with f (G) = 0, then G has a unique minimum geodetic set; that is,
f +(G) = 0. In the paper, we prove that, for any nonnegative integers a, b and c with 1 ≤ a ≤ b ≤ c − 2 or 4 ≤ a + 2 ≤ b ≤ c,
there exists a connected graph G with f (G) = a, f +(G) = b, and g(G) = c. This result solves a problem of Zhang [P. Zhang,
The upper forcing geodetic number of a graph, Ars Combin. 62 (2002) 3–15].
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1. Introduction
All graphs considered in this paper are finite and have no loops and multiedges. A vertex of a graph G is called a
leaf if its degree is one. A vertex v is an extreme vertex of G if, for every two distinct vertices x, y with xv, yv ∈ E(G),
xy ∈ E(G). In particular, a leaf is an extreme vertex. The distance between two vertices u and v in a graph G, written
dG(u, v), is the length of a shortest u − v path of G. For every pair of vertices u, v in a graph, a u-v geodesic is a
shortest path between u and v. For a graph G, let IG[u, v] denote the set of all vertices lying on a u-v geodesic. For
S ⊆ V (G), let IG[S] denote the union of all IG[u, v] for all u, v ∈ S. A set S is a geodetic set of G if IG[S] = V (G).
The geodetic number g(G) of a graph G is the minimum cardinality of a set S with IG[S] = V (G). The geodetic sets
of a connected graph was introduced by Harary, Loukakis, and Tsouros [4], as a tool for studying metric properties of
connected graphs.
A subset F ⊆ V (G) is called a forcing subset (or a forcing geodetic subset) of G if there exists a unique minimum
geodetic set containing F . A forcing subset F is critical if every proper subset of F is not a forcing subset. The
cardinality of a minimum critical forcing subset in G is called the forcing geodetic number f (G) of G, and the
cardinality of a maximum critical forcing subset in G is called the upper forcing geodetic number f +(G) of G. A
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Fig. 1. The graph G1.
graph G is called (a, b)-forcing geodetic graph if f (G) = a and f +(G) = b. Forcing concepts have been widely
investigated in graph theory, such as forcing convexity number [3], forcing domination number [1], forcing geodetic
number [2,6], forcing perfect matching [5], and so on. The forcing geodetic set and the forcing geodetic number in
graphs were introduced by Chartrand and Zhang [2]. In [6] Zhang defined the upper forcing geodetic number of a
graph and gave some properties of a forcing geodetic set. Also the forcing geodetic numbers and the upper forcing
geodetic numbers of some graphs are determined in [2,6]. In [6] Zhang raised the question, for which pairs of integers
a, b with 0 ≤ a ≤ b, there exists a connected graph G with f (G) = a and f +(G) = b. In the paper, we answer this
question and prove that, for any nonnegative integers a, b, and c with 1 ≤ a ≤ b ≤ c− 2 or 4 ≤ a + 2 ≤ b ≤ c, there
exists a connected (a, b)-forcing geodetic graph with geodetic number c.
2. (a, b)-forcing geodetic graphs
The main theorem is stated in the following.
Theorem 1. Suppose that a, b and c are positive integers with 1 ≤ a ≤ b ≤ c − 2 or 4 ≤ a + 2 ≤ b ≤ c. Then there
exists a connected graph G with f (G) = a, f +(G) = b, and g(G) = c.
If f (G) = 0, then G has the unique minimum geodetic set, implying f +(G) = 0. So we have:
Corollary 2. Suppose that a and b are nonnegative integers with a ≤ b. Then there exists an (a, b)-forcing geodetic
graph if and only if a ≥ 1 or (a, b) = (0, 0).
First, we construct (1, k)-forcing geodetic graphs for all positive integers k. For k = 1, define a graph G1 = (V, E)
as a graph with V = {x, v1, v2, v3, v4} and E = {xv1, v1v2, v2v3, v3v4, v4x, v1v4, v2v4}. (see Fig. 1.)
Proposition 3. G1 is a (1, 1)-forcing geodetic graph with g(G1) = 3 and two extreme vertices.
Proof. Since x and v3 are extreme vertices and IG[x, v3] = {x, v3, v4}, only {x, v1, v3} and {x, v2, v3} are minimum
geodetic sets and f (G1) = f +(G1) = 1. 
Next, we construct, for each k ≥ 2, a (1, k)-forcing geodetic graph. Define the graph Gk = (V, E) for k ≥ 2 by
V = {x, vi , ui : 1 ≤ i ≤ k}∪{ast : 2 ≤ s ≤ k−1 and 1 ≤ t ≤ 7} and E = {xv1, xu1, v1u1, vkuk}∪{vivi+1, ui ui+1 :
1 ≤ i ≤ k − 1} ∪ {ast as(t+1) : 2 ≤ s ≤ k − 1 and 1 ≤ t ≤ 6} ∪ {ai2ai7, ai1vi , ai7ui : 2 ≤ i ≤ k − 1}. For
k = 2, G2 is a graph with the vertex set {x, v1, v2, u1, u2} and the edge set {xv1, xu1, v1u1, v1v2, u1u2, v2u2}. (See
Fig. 2 of the graph G5.) Then g(G2) = 3. Since {x, v1, u2} is the only minimum geodetic set containing v1, we find
f (G2) = 1. Sets {x, v1, u2}, {x, u1, v2} and {x, v2, u2} are minimum geodetic sets, thus f +(G2) = 2. Therefore, G2
is a (1, 2)-forcing geodetic graph.
Proposition 4. For integer k ≥ 2, Gk is a connected (1, k)-forcing geodetic graph with geodetic number k + 1
containing an extreme vertex.
Before proving Proposition 4, we need three lemmas below.
Lemma 5. Suppose G is a connected graph, S is a geodetic set, and (v1, v2, . . . , v6, v1) is a cycle of G with
degG(vi ) = 2 for i = 1, 2, 3, 4. Then either v j ∈ S for some j ∈ {2, 3}, or v1, v4 ∈ S.
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Fig. 2. The graph G5.
Proof. Suppose S and {v2, v3} are disjoint and |S∩{v1, v4}| ≤ 1. Since V (G)−{v1, v2, v3}, V (G)−{v2, v3, v4}, and
V (G)−{v1, v2, v3, v4} are convex sets, v2 and v3 are not in IG[S], a contradiction. Therefore, either S ∩ {v2, v3} 6= ∅
or v1, v4 ∈ S. 
Lemma 6. Let a ∈ {x, vi , ui : 1 ≤ i ≤ k − 1} and b ∈ {ast : 2 ≤ s ≤ k − 1 and 1 ≤ t ≤ 7} be vertices of Gk . Then
any geodesic from a to b does not pass through vertices vk and uk in Gk .
Proof. Suppose that there is a geodesic from a to b passing through vertices vk and uk , where a ∈ {x, vi , ui : 1 ≤
i ≤ k− 1} and b ∈ {ast : 2 ≤ s ≤ k− 1 and 1 ≤ t ≤ 7} are vertices of Gk . Since deg(vk) = deg(uk) = 2, a geodesic
passing through vertices vk and uk must contain vertices vk−1 and uk−1; that is, if P = (a1, a2, . . . , am) is a geodesic
between a and b passing through vertices vk and uk , then there exists j such that a j = vk−1, a j+1 = vk, a j+2 = uk ,
and a j+3 = uk−1. This implies that a j−1 ∈ {vk−2, a(k−1)1} and a j+4 ∈ {uk−2, a(k−1)7}.
Suppose that a = vk−1, b = ast for some 2 ≤ s ≤ k − 1, and 1 ≤ t ≤ 7. Then every a − b geodesic must pass
through as1 or as7. We have that if an a− b geodesic passes through vk and uk , then there exists an a− as1 or a− as7
geodesic passing through vk and uk . It is easy to see that the geodesics from a to as1 do not pass through vk and uk
for 2 ≤ s ≤ k − 1. Since the path (vk−1, vk−2, . . . , vs, as1, as2, as7) is shorter than (vk−1, vk, uk, uk−1, . . . , us, as7),
the geodesics from a to as7 do not pass through vk and uk for 2 ≤ s ≤ k− 1. Similarly, for the case of a = uk−1, then
there is no geodesic from a to b passing through vk and uk .
Consider the case of a ∈ {x, vi , ui : 1 ≤ i ≤ k − 2}. If b ∈ {ast : 2 ≤ s ≤ k − 2 and 1 ≤ t ≤ 7},
then a j−1 = vk−2 and a j+4 = uk−2. But then we have that (vk−2, a(k−2)1, a(k−2)2, a(k−2)7, uk−2) is shorter than
(a j−1, a j , a j+1, a j+2, a j+3, a j+4), a contradiction. If b ∈ {a(k−1)t : 1 ≤ t ≤ 7}, then one of the following occurs:
(a) if a = x , no geodesic from a to b contains vk and uk ;
(b) if a = vi , we have (vk−1, a(k−1)1, a(k−1)2, a(k−1)7) is shorter than (vk−1, vk, uk, uk−1, a(k−1)7), then there is no
geodesic from a to b passing through vk and uk ;
(c) if a = ui , we have that (a(k−1)1, a(k−1)2, a(k−1)7, uk−1) is shorter than (a(k−1)1, vk−1, vk, uk, uk−1), then there
is no geodesic from a to b passing through vk and uk .
The proof is complete. 
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Lemma 7. Suppose that P is a geodesic from at5 to y in Gk for y ∈ {x, v1, v2, . . . , vk} and 2 ≤ t ≤ k − 1. If P
passes through at4, then y ∈ {v2, v3, . . . , vk−1}. Furthermore, there exists an at5 − y geodesic in Gk passing through
at4 for y ∈ {v2, . . . , vk−1} and 2 ≤ t ≤ k − 1.
Proof. Suppose that P is a geodesic from at5 to y passing through at4 with y ∈ {x, v1, v2, . . . , vk}. Then
P = (at5, at4, at3, at2, at1, vt , . . . , y). If y = x , then P = (at5, at4, at3, at2, at1, vt , vt−1, . . . , v1, x), since
(vt , vt−1, . . . , v1, x) is the unique geodesic from vt to x . But the length of (at5, at6, at7, ut , ut−1, . . . , u1, x) is
less than the length of P . Thus y 6= x . If y = v1, then P = (at5, at4, at3, at2, at1, vt , vt−1, . . . , v1), since
(vt , vt−1, . . . , v1) is the unique geodesic from vt to v1. But the length of (at5, at6, at7, ut , ut−1, . . . , u1, v1) is less
than the length of P . Thus y 6= v1. Similarly, we have that y 6= vk . So y ∈ {v2, v3, . . . , vk−1}.
Consider the existence of an at5 − y geodesic containing the vertex at4 for y ∈ {v2, . . . , vk−1} and 2 ≤ t ≤ k − 1.
Since at5 and y are in the different components of Gk − {at2, at7}, every geodesic from at5 to y must pass through
at2 or at7. Suppose y = vs and 2 ≤ s ≤ t ≤ k − 1. Then P1 = (at5, at4, at3, at2, at1, vt , vt−1, . . . , vs)
and P2 = (at5, at6, at7, at2, at1, vt , vt−1, . . . , vs) have the same length 5 + (t − s). Since (at5, at4, at3, at2) and
(at2, at1, vt , vt−1, . . . , vs) are geodesics, P1 and P2 are geodesics from at5 to vs passing through at2. Let P be an
at7 − vs geodesic. By at7 and vs being in the different components of Gk − {vt , ut−1}, P passes through vt or ut−1.
If P passes through vt or ut−1, then the length of P is at least 3 + (t − s). Then every path from at5 to vs passing
through the edge at7ut has a length at least 5 + (t − s). Therefore, P1 is a geodesic. For 2 ≤ t ≤ s ≤ k − 1, by the
similar way, we can find a geodesic from at5 to vs passing through at4. 
The proof of Proposition 4. First, we determine the geodetic number of Gk , k ≥ 2. Suppose that S is a minimum
geodetic set of Gk . Then x is an extreme vertex of Gk ; that is, x ∈ S. Since (as2, as3, . . . , as7, as2) is a cycle of Gk with
deg(ast ) = 2 for s = 2, 3, . . . , k−1 and t = 3, 4, 5, 6, by Lemma 5, either ast ∈ S for some t ∈ {4, 5}, or as3, as6 ∈ S.
If T ⊆ {x} ∪ {ast : 2 ≤ s ≤ k − 1 and 1 ≤ t ≤ 7}, then vk, uk 6∈ IGk [T ]. So we have that there exists a vertex
y ∈ {vi , ui : 1 ≤ i ≤ k} such that y ∈ S. Thus, g(Gk) ≥ k. If g(Gk) = k, then x ∈ S, S ∩ {vi , ui : 1 ≤ i ≤ k} = {y},
and S ∩ {ast : t = 4, 5} = {bs} for s = 2, 3, . . . , k − 1. If there exists j ∈ {2, 3, . . . , k − 1} such that b j = a j5,
then a j4 6∈ I [a j5, w] for w ∈ {x, b2, .., bk−1}; that is, a j4 ∈ I [a j5, y]. Since the geodesic from a j5 to z is unique
for z ∈ {u1, u2, . . . , uk, v1, vk}, it is easy to see that every geodesic from a j5 to z does not contain the vertex a j4.
Then y ∈ {v2, . . . , vk−1}. By Lemma 6, there is no geodesic between two vertices of S passing through vk and uk , a
contradiction. Therefore g(Gk) ≥ k + 1. By {x, v1, a24, . . . , a(k−1)4, uk} being a geodetic set, g(Gk) = k + 1.
Second, assume that S = {x, x1, x2, . . . , xk} is a minimum geodetic set with x1 = v1 ∈ S. It is
easy to check that {x, v1, a24, a34, . . . , a(k−1)4, uk} is a minimum geodetic set for Gk . We claim that S =
{x, v1, a24, a34, . . . , a(k−1)4, uk}. By Lemma 5, without loss of generality, xs ∈ {as3, as4, as5, as6} for s =
2, 3, . . . , k − 1. If T ⊆ {x, v1} ∪ {ast : 2 ≤ s ≤ k − 1 and 1 ≤ t ≤ 7}, then vk, uk 6∈ IGk [T ]; that is,
xk 6∈ {ast : 2 ≤ s ≤ k − 1 and 1 ≤ t ≤ 7}. If xk ∈ {vi , ui : 1 ≤ i ≤ k − 1}, then by Lemma 6, vk, uk 6∈ I [S]. Thus,
we have that xk must be in {vk, uk}, implying |S ∩ {as3, as4, as5, as6}| = 1 for s = 2, 3, . . . , k− 1. By Lemma 5, xs is
either as4 or as5 for s = 2, 3, . . . , k−1. If there exists t with xt = at5 ∈ S, then by S being a geodetic set, there exists
y ∈ S such that a geodesic P from at5 to y contains at4. We observe that at4 6∈ IGk [at5, z] for z ∈ {x, x1, . . . , xk−1}.
Then y = xk . But, by Lemma 7, y 6= vk . Then y = uk . This implies that at4 6∈ IGk [S]. It is a contradiction. Thus,
xs = as4 for s = 2, 3, . . . , k−1. And, if xk = vk , then uk 6∈ I [{x, v1, a24, . . . , a(k−1)4, vk}]. This forces that xk = uk .
Hence S = {x, v1, a24, a34, . . . , a(k−1)4, uk}.
Finally, we show that f +(Gk) = k. Let S = {x, vk−1, a24, . . . , a(k−1)4, uk}. It is clear that S is a minimum geodetic
set in Gk . Let S1 = S − {vk−1} ∪ {vk}, Sk = S − {uk} ∪ {uk−1}, and St = S − {at4} ∪ {at5} for 2 ≤ t ≤ k − 1. It is
easy to check that S1 and Sk are geodetic sets. By the proof of Lemma 7, at5, vk−1 ∈ St , at1, at2, . . . , at7 ∈ I [St ] for
all t . Thus we have that St is a minimum geodetic set for 2 ≤ t ≤ k − 1. Then, for each (k − 1)-subset T of S − {x},
S is not a unique minimum geodetic set containing all vertices of T . Hence f +(Gk) = k. 
In the sequel we construct (a, b)-forcing geodetic graphs for a ≥ 2. Let H1, H2, . . . , Hm be vertex-disjoint graphs
and xi be a vertex of Hi for i = 1, 2, . . . ,m. Then we say that H is the graph obtained from H1, H2, . . . , Hm by
identifying vertices x1, x2, . . . , xm if we define x1 = x2 = · · · = xm and H = H1 ∪ H2 ∪ · · · ∪ Hm . A simple useful
property to be stated in here: if G is a graph with a minimum geodetic set S and x is a cut vertex of G, then every
geodesic between vertices of different components of G − {x} passes through x ; that is, x 6∈ S.
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Lemma 8. Suppose that m ≥ 2, Hi is a connected graph with |V (Hi )| ≥ 2, and xi is an extreme vertex of Hi
for i = 1, 2, . . . ,m. Let H be the graph obtained from H1, H2, . . . , Hm by identifying x1, x2, . . . , xm . Then S is a
minimum geodetic set of H if and only if (S ∩ V (Hi )) ∪ {xi } is a minimum geodetic set of Hi for i = 1, 2, . . . ,m.
Proof. Let x = x1 = · · · = xm and S be a minimum geodetic set in H . For m ≥ 2, x is a cut vertex of H . Then,
for u ∈ V (Hi ) and v ∈ V (H j ) with i 6= j , x ∈ IH [u, v]. Since S ∩ (V (Hi ) − {xi }) is nonempty for all i , x 6∈ S
and (S ∩ V (Hi )) ∪ {xi } is a geodetic set of Hi . Thus, g(H) + m ≥ g(H1) + g(H2) + · · · + g(Hm). If Si is a
minimum geodetic set of Hi for i = 1, 2, . . . ,m then xi ∈ Si and ∪mi=1(Si − {xi }) is a geodetic set of H . We have
that g(H) ≤ g(H1) + g(H2) + · · · + g(Hm) − m. By above, g(H) = g(H1) + g(H2) + · · · + g(Hm) − m. Then it
follows that S is a minimum geodetic set of H if and only if (S ∩ V (Hi )) ∪ {xi } is a minimum geodetic set of Hi for
i = 1, 2, . . . ,m. 
Lemma 9. Suppose that H is the graph defined in Lemma 8. Then g(H) = g(H1) + g(H2) + · · · + g(Hm) − m,
f (H) = f (H1)+ f (H2)+ · · · + f (Hm), and f +(H) = f +(H1)+ f +(H2)+ · · · + f +(Hm).
Proof. By Lemma 8, we have that g(H) = g(H1)+g(H2)+· · ·+g(Hm)−m. According to Lemma 8 and definitions,
S is a forcing subset of H if and only if S ∩ V (Hi ) is a forcing subset of Hi for i = 1, 2, . . . ,m. This implies that
f (H) = f (H1)+ f (H2)+ · · · + f (Hm), and f +(H) = f +(H1)+ f +(H2)+ · · · + f +(Hm). 
In the following, we prove Theorem 1. Define that a graph G is called an (a, b, c)-graph if f (G) = a, f +(G) = b,
and g(G) = c. Then Zhang [6] proved that even cycles are (1, 1, 2)-graphs.
The proof of Theorem 1. By Proposition 4, there exists a connected (1, b, b + 1)-graph Gb containing an extreme
vertex for integer b ≥ 2. By Proposition 3, G1 is a (1, 1, 3)-graph with two extreme vertices. The complete graph K2
is a (0, 0, 2)-graph. Let Bi be a complete graph of order 2 with the vertex set {ui , vi } for positive integer i .
(i) Suppose that 1 ≤ a ≤ b ≤ c − 2. If a = b, let Hi be a graph isomorphic to G1 and xi , yi be two extreme
vertices of Hi for i = 1, 2, . . . , a. Let the graph H be a graph obtained from H1, H2, . . . , Ha by identifying yi−1 and
xi for integer i = 2, 3, . . . , a. By Lemma 9, H is an (a, a, a + 2)-graph with two extreme vertices x1 and ya . Let
d = c − a − 1 and G be a graph obtained from H , B1, . . . , Bd by identifying ya, u1, . . . , ud . By Lemma 9, G is a
connected (a, a, c)-graph.
For a < b, we consider the cases of a = 1, a = 2, and a ≥ 3. If a = 1, then, by Proposition 4, there exists a
connected (1, b, b + 1)-graph Gb containing an extreme vertex x for integer b ≥ 2. Let d = c − b and G be a graph
obtained from Gb, B1, . . . , Bd by identifying x, u1, . . . , ud . By Lemma 9, G is a connected (1, b, c)-graph. If a = 2,
then by Proposition 4, there exists a connected (1, b − 1, b)-graph Gb−1 containing an extreme vertex w for b ≥ 3.
Let d = c − b − 1 and G be the graph obtained from Gb−1, G1, B1, . . . , Bd by identifying w, x, u1, . . . , ud . By
Lemma 9, G is a connected (2, b, c)-graph. If a ≥ 3, then, let k = b − a + 1 ≥ 2, by Proposition 4, there exists a
connected (1, k, k + 1)-graph Gk containing an extreme vertex w. By the graph H of above discussion, there exists
a connected (a − 1, a − 1, a + 1)-graph H with two extreme vertices x and y. Let d = c − b − 1 and G be a graph
obtained from Gk , H , B1, . . . , Bd by identifying w, x, u1, . . . , ud . By Lemma 9, G is a connected (a, b, c)-graph.
(ii) Suppose that 4 ≤ a+ 2 ≤ b ≤ c. For a ≥ 2, let H0 be a graph isomorphic to G2 with an extreme vertex y0 and
Fi be a graph isomorphic to G1 with extreme vertices xi and yi for positive integer i . Define Hi is a graph obtained
from Hi−1 and Fi by identifying yi−1 and xi for integer i ≥ 1. Then Hi has an extreme vertex yi , and by Lemma 9,
Hi is a (1 + i, 2 + i, 3 + i)-graph for positive integer i . Since b − a ≥ 2, by Proposition 4, there exists a connected
(1, b − a, b − a + 1)-graph Gb−a containing an extreme vertex x . Let d = c − b and G be a graph obtained from
Ha−2, Gb−a , B1, . . . , Bd by identifying v, x, u1, . . . , ud . Then, by Lemma 9, G is a connected (a, b, c)-graph. 
If we can find a (1, 1, 2)-graph containing an extreme vertex, then Theorem 1 could be improved. But there is no
such graph.
Remark 10. There is no (1, 1, 2)-graph containing an extreme vertex.
Proof. Suppose there is a (1, 1, 2)-graph G containing an extreme vertex x . Then there exist two distinct vertices y, z
such that {x, y} and {x, z} are geodetic sets. By {x, y} being a geodetic set, z ∈ IG[x, y]. Thus dG(x, y) > dG(x, z),
contradicting that y ∈ IG[x, z]. 
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